Abstract. We consider a discrete dynamical system on a pseudo-Riemannian manifold and we determine the concept of a hyperbolic set for it. We insert a condition in the definition of a hyperbolic set which implies to the unique decomposition of a part of tangent space (at each point of this set) to two unstable and stable subspaces with exponentially increasing and exponentially decreasing dynamics on them. We prove the continuity of this decomposition via the metric created by a torsion-free pseudo-Riemannian connection. We present a global attractor for a diffeomorphism on an open submanifold of the hyperbolic space H 2 (1) which is not a hyperbolic set for it.
Introduction
Hyperbolic dynamics on a Riemannian manifold has a deep history in mathematics and physics [1, 6, 12] , and it is a main mathematical tool to determine the complex systems behavior [5, 13, 15] . The phrase "hyperbolic dynamics" has different definitions in partial differential equations, ordinary differential equations, and discrete dynamical systems [2, 3, 4, 7, 10, 11, 14] . The notion of hyperbolic dynamics for partial differential equations in a pseudo-Riemannian manifold has been considered by Choquet-Bruhat, and Ruggeri via considering hyperbolicity of the 3+1 system of Einstein equations [4] in 1983. Here we extend the notion of hyperbolic sets to discrete dynamical systems on pseudo-Riemannian manifolds. The appearance of a non-trivial hyperbolic set for discrete dynamical systems on Riemannian manifolds return to Smale's paper in 1998 by introducing Smale's horseshoe [14] .
We assume that M is a pseudo-Riemannian manifold with the pseudo-Riemannian metric g(., .). If p ∈ M , then a vector v ∈ T p M is called spacelike, timelike or null if g p (v, v) > 0, g p (v, v) < 0, or g p (v, v) = 0 respectively. In the next section we present the definition of a hyperbolic set for a discrete dynamical system created by a diffeomorphism on M . We see that the derivative of a hyperbolic dynamics affect on two sets of non-null vectors, and the iteration of it or in it's inverse creates an exponentially growth on the length of vectors. A distribution of null vectors has essential role in this kind of dynamics. In theorem 2.1 we prove the unique decomposition of a part of tangent space at a point of a hyperbolic set to stable and unstable subspaces up to a special distribution. We prove the continuity of this decomposition in theorem 2.2. In section 3 we present examples of hyperbolic sets and in example 4.1 we find a global attractor which is not hyperbolic.
Hyperbolic set
In this section we assume that (M, g) is a smooth pseudo-Riemannian manifold, and f : M → M is a diffeomorphism. We also assume that C is a compact invariant set for f i.e. f −1 (C) = C.
Definition 2.1. We say that C is a hyperbolic set for f up to a distribution p → E n (p), if there exist positive constants a and b with b < 1 and a decomposition
for each p ∈ C so that:
is timelike or spacelike, and each vector of E n (p) is a null vector;
Theorem 2.2. Let C be a hyperbolic set for f up to a distribution p → E n (p).
Then for each p ∈ C, the tangent space of M at p has a unique decomposition with the properties of the former definition.
Proof. Let p ∈ C, and let
where E s i (.), and E s i (.) satisfy the properties of definition 2.
Since the right hand side of the above inequality tends to zero when n tends to
, so they are equal, and we have a unique decomposition. Now we are going to define a metric on the set of subspaces of tangent space at a point of M . For this purpose we use of "parallel translation". Let us recall it. We assume that X(M ) is the set of smooth vector fields on M . A mapping
if it satisfies the following three conditions:
is a smooth curve and if Z is a smooth vector field along α , then the covariant derivative of Z along α is denoted by DZ dt and it is defined by
smooth curve passing through p that is α(0) = p, then it is proved that there is a unique parallel vector field Z along α with Z p = v. The mapping P t :
Riemannian connection if the parallel transition along any given curve preserves pseudo-Riemannian metric, and it is proved that each pseudo-Riemannian manifold has a unique torsion-free connection [8, 9] that is a pseudo-Riemannian connection with the following property: With the former assumptions we have the next theorem.
Theorem 2.4. If C is a hyperbolic set for f up to a distribution p → E n (p), and if p ∈ C, α(t n ) ∈ C and t n → 0 when n → ∞, then
Thus there is a subsequence {t l : l ∈ N } of {t n } and a constant k ∈ N such that
a subset of the compact set {v ∈ T p M : |g p (v, v)| = 1}. Thus it has a convergent subsequence. We denote it and it's limit by {P −tr (v ri ) : r ∈ N }, and v i . Clearly
, so v i = u + w with u ∈ E s (p) and w ∈ E u (p). We have 
If we take
, then
If n > L then we have
Inequalities (1) and (2) imply that The manifold H 2 (1) = {(x, y, z) ∈ R 3 | x 2 + y 2 − z 2 = −1 and z > 0} with the induced Minkowski metric is a Riemannian manifold which is called a hyperbolic space (see figure 1) .
is a smooth diffeomorphism. The set C = {(0, 0, 1)} is a hyperbolic set for f .
Because if p = (0, 0, 1) and V = (u, v, w) ∈ T p H 2 (1), then there is a smooth curve
Hence 0u + 0v − w = 0, so w = 0. By computing the derivative of f n oβ at zero we find In the former example {(0, 0, 1)} is a global attractor for f i.e, the ω-limits of all the points of the space is {(0, 0, 1)}. In the next example we present a global attractor which is not a hyperbolic set. Figure 2 . The black circle C is a global attractor for h but it is not a hyperbolic set for it.
). C = {(x, y, √ 2) | x 2 + y 2 = 1} is a compact invariant set for h and it is a global attractor for it, but it is not a hyperbolic set for h (see figure 2) . In fact if p = 
Conclusion
We present a definition for hyperbolic dynamics on a pseudo-Riemannian manifold. We prove the uniqueness of stable and unstable subspaces up to a distribution, and we prove the continuity of this decomposition. By an example we present a global attractor which is not hyperbolic.
